Cavity design is crucial for single-mode semiconductor lasers such as the distributed feedback (DFB) and vertical-cavity surface-emitting lasers (VCSEL). By recognizing that both optical resonators feature a single mid-gap mode localized at the topological defect in a one-dimensional (1D) lattice, we generalize the topological cavity design into 2D using a honeycomb photonic crystal with a vortex Dirac mass -the analog of Jackiw-Rossi zero modes. We theoretically predict and experimentally demonstrate that such a Dirac-vortex cavity can have a tunable mode area across a few orders of magnitudes, arbitrary mode degeneracy, robustly large free-spectral-range, vector-beam output of low divergence, and compatibility with high-index substrates. This topological cavity could enable photonic crystal surface-emitting lasers (PCSEL) with stabler single-mode operation.
Single-mode diode lasers [1] are the standard light sources for numerous applications, in which the single-modeness relies on the cavity design with subwavelength features. In longhaul fiber networks, the most widely used DFB laser [2] (Table I) of a uniform Bragg grating have two competing bandedge modes. Although the mode selection could be done with a certain yield by facet cleaving, a much stabler cavity design is to introduce a quarter-wavelength shift [3, 4] , so that a single mid-gap mode can lase at the Bragg frequency. The same 1D mid-gap defect state is also adopted for VCSELs [1] to select a single longitudinal mode, used in local communications, computer mice, laser printers and face recognitions. In 2D [5, 6] , the PCSEL (Table I) has recently been commercialized [7] for its higher power and higher brightness [8] [9] [10] . However, PCSELs again have at least two high qualityfactor (Q) band-edge modes competing for lasing. It is obviously important to have a 2D cavity of a single robust midgap mode, which has been lacking since the notion of 2D DBFs [5] . A stabler lasing mode generally implies higher yield, wider tuning range, narrower linewidth and higher output power.
In order to design the 2D mid-gap defect cavity, we first recognize that the mid-gap modes of both the phase-shift DFB and VCSEL are in fact topological and are mathematically equivalent to the 1D Jackiw-Rebbi kink state [11] and the Su-Schrieffer-Heeger (SSH) boundary mode [12] . This topological view leads us to the Jackiw-Rossi zero mode in 2D [13] , which we realize in a Dirac photonic crystal with a mass vortex in the silicon-on-insulator (SOI) platform experimently.
I. JACKIW-ROSSI ZERO MODES
The mid-gap modes of the Dirac-vortex cavity is the photonic realization of the zero-mode solutions to the 2D * linglu@iphy.ac.cn. † The first two authors contributed equally.
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Bloch Dirac equations with mass vortices, proposed by Jackiw and Rossi [13] . This time-reversal invariant Dirac Hamiltonian in Eq. 1 contains all five anti-commuting terms, where σ i and τ i are Pauli matrices. As can be seen from the energy eigen-solution E(k) = ± i (k 2 i + m 2 i ), the two momentum terms (k i ) in Eq. 1 form 4-by-4 massless Dirac cones in 2D. The three mass terms represent three independent mathematical degrees of freedom that can gap the double Dirac cones, acquiring nonzero band curvatures known as the effective masses. If the system has only two mass terms, a vortex solution can form by spatially winding the mass terms in plane. Fortunately, the third mass term m vanishes when the dispersion spectrum is up-down symmetric with respect to the Dirac frequency. This protecting symmetry is the chiral symmetry S = σ y τ z (SHS −1 = −H) whose presence requires m = 0. Then the remaining two mass terms form a complex number [m = m 1 + jm 2 ] that can wind in-plane w times as m(r) ∝ exp[jw arg(r)], in which r is the spatial coordinate and j 2 = −1. w is the Dirac-mass winding num-ber, the topological invariant of the vortex [14] belonging to the Altland-Zirnbauer symmetry class BDI (Z). The amplitude and sign of w determine the number and chirality of the mid-gap modes. We note that in a realistic photonic system at a finite frequency (instead of zero), the S is slightly broken and m is not precisely zero. The resulting Dirac spectrum is not exactly up-down symmetric and the w topological modes are not rigorously degenerate in frequency.
II. PHOTONIC CRYSTAL DESIGN
The design intuition of the Jackiw-Ross modes in realistic systems, from the above analytics, is to start with the double Dirac cones and modulate the lattice to generate the 2π vortex mass gap for confining the mid-gap modes. Hou et. al. first suggested that the Dirac-vortex mid-gap modes could be found in a Kekulé-textured graphene [15] . Although creating a vortex potential at the atomic level is a tall order, the realization in controlled photonic or phononic lattices [16] [17] [18] [19] has a clear advantage. In this work, we design the Jackiw-Rossi mid-gap modes in a 2D photonic-crystal silicon membrane of 220 nm thick at 1.55µm wavelength. We first design it with air cladding, then evaluate its performance on substrates. For efficient computations, all models are up-down symmetric (zmirror), so that the modes can be classified by mirror eigenvalues. In this paper, we focus on the TE-like modes (transverseelectric, electric field in-plane) that are favored for most applications.
The starting point, in Fig. 1a , is a hexagon supercell consisting of three honeycomb primitive cells. This supercell folds the two Dirac points from Brillouin-zone boundary (±K points below light cone) to the zone center (Γ point above light cone), forming a 4-by-4 double Dirac cone dispersion shown in Fig. 1b . The two honeycomb sub-lattices are colored in black and gray, both representing air-holes in the silicon membrane. The triangular shape of the air holes, compared to the circular shape, improves the frequency-isolation of the Dirac points [20, 21] . We note that the previous waveguide design [22] between two deformed honeycomb lattices, by expanding and shrinking, actually corresponds to two discrete phase values of the Dirac mass (0 and 60 • ).
We apply a generalized Kekulé modulation [15] in the supercell to generate the 2π vortex mass (complex mass term with complete 2π phase) to gap the double Dirac cones. Shown in Fig. 1a , the three gray sub-lattice (air holes) in the supercell are shifted from their original positions by the same amplitude of m 0 and correlated phase of φ 0 . The key observation from the simulation result, shown in Fig. 1c , is the persistent gap opening for all 2π values of φ 0 with non-zero m 0 . The gap closes at the vortex center where m 0 = 0. Due to the symmetry of the supercell, the mass gap in Fig. 1c has an angular periodicity of π/3 and the minimal gap size occurs at φ 0 = π/3. The gap size as a function of m 0 is plotted in Fig. 1d . The 2π-mass-gap peaks at 6% and eventually closes for large m 0 because the band at M point drops. Since the modulation vector m = m 0 e jφ0 has the same physical consequence as that of the complex Dirac mass m = m 1 + jm 2 in Eq. 1, we use the same symbol in this paper. Now that we have a continuous library of supercells with a mass gap for an entire 2π range of φ 0 , the vortex cavity design is a matter of arranging these supercells angularly around a cavity center (r 0 ), as illustrated in Fig. 1e . Since the original honeycomb lattice (m 0 = 0) have C 6v symmetry, the vortex cavity (m 0 = 0) can always remain C 3v symmetric if a wdependent symmetric vortex center (r 0 ) is chosen. A highly symmetric design reduces the computation domain and eases the analysis through group theory.
The topological mid-gap mode is plotted in Fig. 1f . The in-plane electric fields form spatial vortices, indicating the vector-beam far fields plotted in Fig. 2 . The Fourier components of the mode |F T (E x )| clearly reveals its momentum distribution in relation to the light cone. Once the K points move inside the light cone of the substrate, the Dirac vortex resonance is no longer well defined (see Sec. V).
III. CAVITY PARAMETERS
There is a large degree of freedom in designing the vortex mass m(r − r 0 ). Without loss of generality, we choose the form of Eq. 2.
(2) The mass-well function tanh(x α )| x→+∞ = +1 and tanh(x α )| x→0 = x α , interpreting from the central zero mass |m(r = r 0 )| = 0 to the boundary maximum mass |m(r r 0 )| = m 0 . This Dirac-vortex cavity is determined by four parameters (w, m 0 , R, α) as illustrated in Fig. 1e .
The first parameter w is the winding number of the vortex. The magnitude |w| determines the number (degeneracy) of mid-gap modes and the mode area generally increase with w, similar to the topological fiber case [23] . The sign of w is the mode chirality, determining the field distribution on the sub-lattices [13] . The topological mode populates only one of the honeycomb sub-lattice and populates the other sub-lattice when w changes sign. This can be seen in Fig. 1f , where both the magnetic (H z ) and electric (E x,y ) fields peak only at the triangles pointing to the left.
The second parameter m 0 is the maximum Dirac mass, the depth of the mass well in Fig. 1e . m 0 is the maximum shift of the honeycomb sub-lattice in Fig. 1a , which should be greater than the size of fabrication disorder. m 0 is also the strength of radiative coupling that couples the two (originally guided) Dirac cones into the light cone (radiation continuum). Therefore the cavity Q increases as m 0 decreases.
The third parameter R is the radius of the vortex, as illustrated in Fig. 1e . R should not be mistaken as the size of the whole cavity, outside which the photonic-crystal pattern ends. We pad at least fifty extra periods outside the vortex radius R to ensure sufficient mode confinement. We emphasize that R can very different from the size of the confined optical mode. For example, in Fig. 1f , the mode size is non-zero while the vortex size is (R = 0). Also, the mode size also does not necessarily grow as fast as the vortex size; it depends on α.
The fourth parameter α is the shape factor -a positive exponent that controls the shape of the mass well, plotted in Fig. 1e . As a result, α also controls the near field envelope and the radiation pattern of the cavity mode. We choose α = 4 in experiments as a balance between radiative coupling and modal size scaling, as discussed in the next section.
IV. SIZE SCALING PROPERTIES
For high-power single-mode lasers, one prefers a cavity with broader modal area (or modal diameter L), larger free spectral range (FSR) and narrower beam divergence. These properties of the Dirac-vortex cavity are thus examined in Fig. 2 to see how they scale with the vortex size R using effective 2D simulations. We find that the scaling properties are controlled by the shape factor α.
We set w = +1 for a single topological mode and choose a large mass gap (m 0 = 0.1a) for large FSRs. A typical cavity spectrum is shown in Fig. 2a . For small cavities, the topological mode does not appear exactly at the gap center, due to the lack of chiral symmetry discussed in Sec. I. For large cavities, the topological mode always converges to the Dirac-point frequency, since the central area of the large cavity is approaching the unmodulated Dirac lattice with the original Dirac spectrum. As R increases, the high-order non-topological cavity modes originate from the continuum of bulk modes above or below the bandgap. These high-order modes have both doublet and singlet states, due to the C 3v symmetry. The near fields and far fields of the singlet modes are plotted in Fig. 2a . The topological mode always has the largest and most uniform mode area, so that it will always experience the largest modal gain given a matching pumping area comparing to the non-topological modes in the cavity.
The modal diameter (L) increases with the vortex diameter (2R). For large L, the scaling is L ∝ R α α+1 shown in Fig. 2b . This is derived from the known result [13] that the zero mode wavefunction Ψ 0 (r) is determined by the radial integration of the mass function: |Ψ 0 (r)| ∝ e − r 0 |m(r )|dr ∝ e − r 0 (r /R) α dr ∝ e − r α+1 R α , according the mass definition in Eq. 2. The size of the topological mode grows sub-linearly with R for finite α. Although α = ∞ gives the ideal lin-ear size scaling, the cavity is not emitting in the vortex area where m 0 = 0 (meaning zero radiative coupling). The radiation, when α = ∞, only takes place at the step boundary, which is not ideal for the power input/output and the far field has multiple fringes as shown in Fig. 2c . Therefore, we choose the shape factor α = 4 for its narrow far field and near linear scaling of L ∝ R 4 5 . Dirac-vortex cavity has a robustly large FSR that is essential for the single-mode operation. As denoted in Fig. 2a , the FSR of the Dirac-vortex cavity is the frequency separation between the mid-gap and the neighboring (doublet) modes. It has been pointed out [24] that the FSR of a linear Dirac band edge (∝ L −1 ) is much larger than the FSR of the usual quadratic band edge (∝ L −2 ), and can be arbitrarily larger in the large mode limit. However, the proposed accidental "Dirac point" at Γ in Ref. [24] is not robust to any system parameters, which means one can never, in reality, fabricate a device and operate at the exact accidental point consistently. In contrast, shown in Fig. 2b , our Dirac-vortex cavity has the same L −1 advantage for large FSR and this scaling is topologically robust against perturbations to any system parameters!
The far-fields of the singlet modes are vector-beams, as shown in Fig. 2a , obtained by integrating the near-fields using the Rayleigh-Sommerfeld diffraction theory. Since the polarization-degenerate free-space modes belong to the doublet representation of C 3v , the singlet cavity modes cannot couple out in the exact vertical direction due to the distinct representations. If the C 3v cavity symmetry is broken, one could convert the donut beam to a single-lobe beam [25] . The beam angle is inversely proportional to the mode diameter in the large mode limit, as plotted in Fig. 2b . The far-field half angle is below 1 • once the vortex diameter exceeds 200a.
V. CAVITY ON SUBSTRATES
As a practical device, Dirac-vortex cavities can work on various substrates that dissipate heat, conduct current and provide mechanical support. In Fig. 3 , we place the cavity on uniform substrates and compute the Q as a function of substrate refractive index (n sub ) for two different core waveguide configurations: "Si-Air" and "PCSEL". Both highindex (n = 3.4) core waveguides are pattern with air. Both types of cavities have a limited vortex size of 2R = 40a and are top-down symmetric to save computation resources. Note the cavity Q still increases for larger vortex sizes.
In the "Si-Air" configuration, we place the siliconmembrane studied in Fig. 1 on substrates. The cavity Q gradually decreases (in power law) with increasing n sub until a critical index value n c sub = 2.6 where Q drops exponentially. This critical point is where the Dirac-point states, in the unperturbed primitive cell , are no longer guided in the core waveguide. This is shown in the band structures in Fig. 3 , where the Dirac points almost merge into the light cones. This n c sub value already covers the common substrates such as silica, sapphire and gallium nitride.
In the "PCSEL" configuration, we aim to further increase n c sub and evaluate the technological potential of Dirac-vortex PCSELs. The data in Fig. 3 shows n c sub = 3.0, which implies the compatibility with the current GaAs/AlGaAs material system used for PCSEL products [7] . We note that GaAs actually has a higher index of 3.55 (than 3.4 used in our simulation) and our design is not optimized. Here, the "PCSEL" waveguide is twice as thick as the "Si-Air" waveguide with the air-hole pattern through half of its total thickness from top and bottom. (The asymmetric design of moving air holes to one side does not really change the results, but significantly increases the computation time.) This structure is very close to the epitaxy layers of the current PCSEL devices with airhole maintained regrowth technique [9, 26] .
It is worth pointing out that the topological resonance persists even when the Dirac point is not frequency isolated. Actually, when the mode area is large enough, the wavevectors of the mode are too localized (in momentum space) to couple to the other bulk states at the same frequency. We also note that high cavity Q ( 10 3 ) is undesirable for a high-power laser. Instead, a good laser cavity emits all its optical loss in the output direction. The Dirac vortex cavity has the suitable Q and emit only in the vertical direction. The bottom emission could be easily reflected using a metal coating or Bragg mirrors.
VI. SOI EXPERIMENTS
We perform the experiments on standard SOI [27] [28] [29] at telecommunication wavelength to study the spectral and modal properties of the Dirac-vortex cavities with the shape factor α = 4. The scanning-electron-microscope (SEM) images of a typical device is shown in Fig. 4a . The photonic crystals were patterned in a 220 nm silicon layer by e-beam lithography and dry-etching. The underneath SiO 2 (n = 1.44) cladding provides mechanical stability. The lattice constant (a) is 490 nm.
In Fig. 4b , cavities of different winding number w = +1, +2, +3 are measured. Their spectra verify that the number of topological modes equals the winding number. The far fields of all topological modes compare favorably with our simulation results. These radiation patterns are captured after a horizontal polarizer in our cross-polarization setup. Consequently, the number of zero-intensity radial lines equals the topological charges (in magnitude) of these vector beams. We then focus on the single-mode case w = +1 for the rest of the study.
In Fig. 4c , we plot the dependence of Q and wavelength (λ) on the maximum Dirac mass (m 0 ) and the vortex diameter (2R). In both cases, Q increases with the increase of mode area. Because the mode area increases with the decrease of Dirac mass gap and the increase of vortex size.
Shown in Fig. 4d are the cavity spectra as a function of the vortex diameter. Consistent with the numerical results in Fig. 2a , the wavelength of topological mode converges to the Dirac wavelength when the vortex diameter increases to about 30µm. We also track the high-order modes and a full spectrum is plotted for the cavity of 2R = 50µm. The polarized far fields of the singlet modes are imaged and are in agreement with the numerical results.
VII. DISCUSSION
With the advance of topological photonics [30] [31] [32] , we are able to design a new on-chip optical microcavity [33] with separate controls over mode number (w), mode area (R), radiation coupling (m 0 ) and far-field pattern (α), which could outperform other cavities including the topological corner modes [34] [35] [36] for topological lasers [37] [38] [39] . For example, the corner or boundary modes are harder to scale uniformly in area, compared to the vortex cavity.
The Dirac-vortex cavity is the 2D upgrade of the 1D feedback structures in phase-shifted DFB and VCSEL, two widely used industrial semiconductor lasers. This topological cavity provides a single mid-gap mode with a large modal diameter continuously tunable from a couple of microns towards millimeter scale. In this work, we have studied the detailed optical properties of this passive cavity.
Next, by changing the lithography pattern, the Dirac-vortex PCSEL could be realized in the same III-V semiconductor platform as that of the current PCSELs [7] [8] [9] [10] 40] . The design advantages of a topological PCSEL could be as follows.
i) It provides a unique single mid-gap mode for lasing. ii) It has a much larger FSR. Generally, FSR is much larger at the center of the linear Dirac spectrum, where the DOS vanishes, than that at the quadratic band edge where the DOS is a constant in 2D. iii) The hexagonal lattice generates more uniform in-plane feedback than that of the square lattice in current PC- SEL devices. In fact, the square lattice was chosen over the hexagonal lattice only to reduce the number of high-Q band edge modes (2 instead of 4) and suppress multi-mode lasing, which is no longer an issue for the Dirac-vortex cavity. iv) The cavity design and the above benefits are topologically robust against fabrication errors. Finally, the employment of the Dirac-vortex cavity in PCSEL devices may lead to stabler operation or even brighter lasers.
